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Abstract. Let (Q*(M),d) be the de Rham cochain complex for a smooth 
compact closed manifolds M of dimension n. For an odd-degree closed form 
H, there are a twisted de Rham cochain complex (Q* (M), d + -Ha) and its 
associated twisted de Rham cohomology H*(M, H). We show that there ex- 
ists a spectral sequence {Er' q , d r } derived from the filtration F P (Q*(M)) = 
©i>p ^ l (-^0 of f2*(M), which converges to the twisted de Rham cohomology 
H*(M, H). We also show that the differentials in the spectral sequence can 
be given in terms of cup products and specific elements of Massey products as 
well, which generalizes a result of Atiyah and Segal. Some results about the 
indeterminacy of differentials are also given in this paper. 



1. Introduction 

Let M be a smooth compact closed manifold of dimension n, and f2*(M) the 
space of smooth differential forms over R on M. We have the de Rham cochain 
complex (Q*(M),d), where d : Q P (M) — > fl p+1 (M) is the exterior differentiation, 
and its cohomology H* (M) (the de Rham cohomology) . The de Rham cohomology 
with coefficients in a flat vector bundle is an extension of the de Rham cohomology. 

The twisted de Rham cohomology was first studied by Rohm and Witten [14] for 
the antisymmetric field in superstring theory. By analyzing the massless fermion 
states in the string sector, Rohm and Witten obtained the twisted de Rham cochain 
complex (fi*(M), d + H3) for a closed 3-form H3, and mentioned the possible gen- 
eralization to a sum of odd closed forms. A key feature in the twisted de Rham 
cohomology is that the theory is not integer graded but (like K-theory) is filtered 
with the grading mod 2. This has a close relation with the twisted K-theory and 
the Atiyah-Hirzebruch spectral sequence (see [1]). 

Let H be JJi=i Hzi+ii where fl2i+i is a closed (2i + l)-form. Then one can 
define a new operator D = d + H on fi*(M), where H is understood as an operator 
acting by exterior multiplication (for any differential form w, H(w) —HA w). As 
in dill], there is a filtration on (fi*(M),D): 

(1.1) K p = F p (n*(M))=®n i {M). 

This filtration gives rise to a spectral sequence 

(1.2) {Er,d r } 
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converging to the twisted de Rham cohomology H * (M, H) with 



(1.3) 




HP(M) q is even, 
q is odd. 



For convenience, we first fix some notations in this paper. The notation [r] de- 
notes the greatest integer part of r € M. In the spectral sequence (|1.2[) {EP' q ,d r }, 
for any [y p ]k £ E^ ,q , [y p ]k+i represents its class to which [y p ]k survives in In 
particular, as in Proposition 13.41 for x p S i?f' 9 , = [ x ph e -^f' 9 = ^f' 9 repre- 
sents the de Rham cohomology class [ ] represents a class in E% q r 
which survives to d r [x p ] r 6 Ef +r,q ^ r+1 . 

In the appendix I of [14], Rohm and Witten first gave a description of the 
differentials d 3 and d$ for the case when D = d+ . Atiyah and Segal [1] showed a 
method about how to construct the differentials in terms of Massey products, and 
gave a generalization of Rohm and Witten's result: the iterated Massey products 
with H 3 give (up to sign) all the higher differentials of the spectral sequence for 
the twisted cohomology (see [TJ Proposition 6.1]). Mathai and Wu in 9, p. 5] 

[ 0=1 ] 

considered the general case that H = ^2 i= \ Hii+i and claimed, without proof, 
that di = c?4 = • • • = 0, while d 3 , c?5, • • • are given by the cup products with H3, 
i?5, • • • and by the higher Massey products with them. Motivated by the method 
in pQ, we give an explicit description of the differentials in the spectral sequence 
(|1.2j) in terms of Massey products. 

We now describe our main results. Let A denote a defining system for the n-fold 
Massey product (%i,X2,--- ,x n ) and c(A) its related cocycle (see Definition 15.11) . 
Then 

(1.4) (xi, X2, ■ • • , x n ) = {c(A)\A is a defining system for(xi, x%, ■ • • , x n }} 

by Definition 15.31 To obtain our desired theorems by specific elements of Massey 
products, we restrict the allowable choices of defining systems for Massey products 
(cf. [H]). By Theorems 14.11 and 14 . 31 in this paper, there are defining systems for the 
two Massey products we need (see Lemma 15 . 5ft . The notation (H3, ■ ■ ■ ,H 3i x p )a 



in Theorem 11.11 below denotes a cohomology class in H*(M) represented by c(A), 
where A is a defining system obtained by Theorem 14.11 (see Definition I5.6j) . Simi- 
larly, the notation (i^s+i, • ■ ■ , H2s+i,x p )a in Theorem 11.21 below denotes a coho- 

I 

mology class in H*(M) represented by c(A), where A is a defining system obtained 
by Theorem 14.31 (see Definition I5.6[) . 



and [(i?3, • ■ • , H3, x p ) A]2t+3 is independent of the choice of the defining system A 



t+i 




1 + 1 



t+i 

obtained from Theorem ^. 1\ 
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Specializing Theorem II .11 to the case in which H = H 2s +\ (s > 2), we obtain 
(1-5) d 2 t + 3[Xpht+3 = (-1)* [( 0, • • • , , x P )Aht+3- 

t+1 

Obviously, much information has been concealed in the expression above. In par- 
ticular, we give a more explicit expression of differentials for this special case which 
is compatible with Theorem ll.il (see Remark l5.14p . 

Theorem 1.2. For H = H 2s +i (s > 1) only and [x p ] 2t +3 G ^2t+3 (* ^ 1)> tne 
differential of the spectral sequence il.ty) d 2t +3 ■ E 2 t+3 ^2t+3 +3 q 2 * 2 * s gi ven 
by 

{{H 2s+ i A x p ] 2t+ 3 t = s - 1, 

(-l) z - 1 [( J ff 2s+1 , • • - ,H 2s+l ,x v ) B ] 2t+ 3 t = ls-l(l>2), 
" v ' 
otherwise, 
and [(H 2s+ i, ■ ■ ■ , H 2s +i, x p ) g]2t+3 is independent of the choice of the defining sys- 
! 

tern B obtained from Theorem \4-.3\ 

Atiyah and Segal in [T] gave the differential expression in terms of Massey prod- 
ucts when H = H3 (see (TJ Proposition 6.1]). Obviously, the result of Atiyah and 
Segal is a special case of Theorem 11.21 

Theorem 1 1.1 1 is essentially Theorem l5.8( and Theorem 1 1.2 1 is Theorem l5.13l Some 
of the results above are known to experts in this field, but there is a lack of math- 
ematical proof in the literature. 

This paper is organized as follows. In Section 2, we recall some backgrounds 
about the twisted de Rham cohomology. In Section 3, we consider the structure of 
the spectral sequence converging to the twisted de Rham cohomology, and give the 
differentials di (1 < i < 3) and d 2 k (k > 1). With the formulas of the differentials in 
E 2 t+3 m Section 4, Theorems II. II and ll. 21 (i.e.. Theorems 15 . 81 and 15 . 13[) are shown in 
Section 5. In Section 6, we discuss the indeterminacy of differentials of the spectral 
sequence (|1.2[) . 

2. Twisted de Rham cohomology 

For completeness, in this section we recall some knowledge about the twisted 
de Rham cohomology. Let M be a smooth compact closed manifold of dimension 
n, and 0*(M) the space of smooth differential forms on M. We have the de 
Rham cochain complex (fl*(M),d) with the exterior differentiation d : il p (M) — > 
fl p+1 (M), and its cohomology H*(M) (the de Rham cohomology). 

r «-i i 

Let H denote 2Ji=i H 2 i + i, where H 2 i+i is a closed (2i + l)-form. Define a new 
operator D = d + H on f2*(M), where H is understood as an operator acting by 
exterior multiplication (for any differential form w, H(w) — H A w, also denoted 
by H A ). It is easy to show that 

D 2 = (d + H) 2 = d 2 + dH + Hd + H 2 = 0. 

However D is not homogeneous on the space of smooth differential forms f2* (M) = 

©n*(M). 

i>0 
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Define VI* (M) a new (mod 2) grading 

(2.1) n*(M) = n°(M) © n e (M), 

where 

n°(M)= n*(M) and Sl e (M) = fi<(M). 

1=1 (mod 2) i = (mod 2) 

Then Z) is homogenous for this new (mod 2) grading: 

fi e (M) A 0°(M) A ft e (Af). 
Dehne the twisted de Rham cohomology groups of M: 

ker{D : fl°(M) f2 e (M)] 



(2.3) H°(M,H) 
and 

(2.4) H e (M, H) - 



im[D : ft e (Af) -> f}°(M)] 

and 

ker[D : O e (M) -> fl°(M)} 



im[D : Q°(M) ft e (M)] ' 

Remark 2.1. (i) The twisted de Rham cohomology groups H*(M,H) (* = o, e) 
depend on the closed form H and not just on its cohomology class. If H and H 
are cohomologous, then H*(M,H) = H*(M,H') (see [TJ §6]). 

(ii) The twisted de Rham cohomology is also an important homotopy invariant 
(see §1.4]). 

Let E be a flat vector bundle over M and (M, £7) be the space of smooth 
differential i-forms on M with values in E. A flat connection on E gives a linear 
map 

V E : n l (M,E) -> n l+1 (M,E) 
such that, for any smooth function / on M and any w € fT(M, E), 

V B (/w)=d/Aw + /-VV V B oV E =0. 

Similarly, define Q*(M,E) a new (mod 2) grading 

(2.5) tt*(M,E) = tt°(M,E)®n e (M,E), 

where 
(2.6) 

tt°(M,E)= n i {M,E) and O e (Af,£) = fi*(M, £"). 

i>0 «>Q 
i=l (mod 2) i = (mod 2) 

Then D £ = V s + if A is homogenous for the new (mod 2) grading: 

n e (M, E) A n°(M, e) A o e (Af, s). 

Define the twisted de Rham cohomology groups of E: 

ker[D E : Q°(M,E) -> fl e (M,E)} 



(2.7) H°(M,E,H) 
and 

(2.8) H e (M, E, H) 



iva[D E : n e (M,E) -> Q°(M,E)] 

and 

kei[D E : n e (M,E) -> n°(Af,.E)] 



im^ : n°(M, £7) ft e (M,.E)] ' 

Results proved in this paper are also true for the twisted de Rham cohomology 
groups H*(M, E, H) (* = o, e) with twisted coefficients in E without any change. 
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3. A SPECTRAL SEQUENCE FOR TWISTED DE RHAM COHOMOLOGY AND ITS 
DIFFERENTIALS rfj (1 < i < 3), d%k (k > 1) 
r n-l i 

Recall that D = d + H and H = ^2 i= \ £f2i+i, where H2i+i is a closed (2i + 1)- 
form. Define the usual filtration on the graded vector space 0*(M) to be 

K p = F 9 (ST{M))=®tf{M), 

and K = Kq = Q*(M). The filtration is bounded and complete, 

(3.1) K = K D Kx D K 2 D ■ ■ ■ D K n D K n+1 = {0}. 

We have D(K p ) C K p and D(K p ) C i^+i. The differential D(= d + H) does 
not preserve the grading of the de Rham complex. However, it does preserve the 
filtration {K p } p >q. 

The filtration {K p } p >o gives an exact couple (with bidegree) (see [E]). For each 
p, K p is a graded vector space with 

k p = (Kp n n°(M)) © (Xp n n e (M)) = K°® k;, 

where K ° = K p n and Kp] = K p D n e (M). The cochain complex (.Kp, D) is 

induced by D : 0*(M) — > Q*(M). Similar to (|2.4p . there are two well-defined co- 
homology groups iff>(Kp) and Hp(K p ). Note that a cochain complex with grading 

i^/^+i = (k;/k° p+1 ) © (k;/k; +1 ) 

derives cohomology groups Hp(K p / K p+1 ) and Hp(K p / 'K p+ x), Since D(K p ) C 
ifp+i, we have D = in the cochain complex (K p / K p+ i, D). 

Lemma 3.1. -For i/ie cochain complex (K p /K p+ i, D), we have 

QP(M) p is odd, 



H° D {Kp/K p+1 ) = 



p is even. 



H D (Rp/K p+1 ) = | Q p ^ 



Proof. If p is odd, then 

x p n n e (M) = k p+1 n ft e (A/) and (Kp n ft e (M)) /(ifp+i n n e (M)) = o. 

Also 

(K p n n°(M)) /(x p+1 n n°(M)) = k;/k; +1 - cf(m), 

and 

H° D (Kp/K p+1 ) £ OP(M) and H e D (Kp/K p+1 ) = 0. 
Similarly for even p, we have 

H e D (K P /Kp +1 ) £ OP(M) and H D (K p /K p+1 ) = 0. 

□ 

By the filtration (|3.1I) . we obtain a short exact sequence of cochain complexes 
(3.2) — > A- p+1 -A K p -A K p /K p+1 — ► 0, 
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which gives rise to a long exact sequence of cohomology groups 



K +q (K p+1 ) 

T p+q+l, 



H 



(3.3) 

-^H^(K p , 
Note that in the exact sequence above, 



P D +q (K p ) 



-UHl + \K p /K p+1 ) 



Tjp+q+l 
n D 



and 



Let 
(3.4) 



W (K \ - / H d( K p) i is even > 

"oK^p) - | H° D (K P ) i is odd. 

tt* (jc Ijc \ - f H d( k p/ k p+i) i is even > 

H D (K p /K p+1 ) | H o D{Kp/Kp+l) i is odd . 



E™ = H^(K P /K P+1 ), D™ = H? D +q (K p ), 
i\ = i* , ji = j*, and k± = S. 

We get an exact couple from the long exact sequence (|3.3p 



(3.5) 



D* 



D i 



.n 



E* 



with i\ of bidegree (—1, 1), j\ of bidegree (0, 0) and k\ of bidegree (1, 0). 

Wc have d\ = jiki : 2?*'* — > E^'* with bidegree (1,0), and d\ = jik\jik\ = 0. 
By (|3.5[) , we have the derived couple 



(3.6) 



D* 



k 2 



E* 



J 2 



by the following: 

(1) D* 2 '* = hDl'*, E* 2 '* = H dl (El'*). 

(2) 12 = also denoted by it. 

(3) If a2 = i%ai <E -Dj'*' define 72(02) 
cohomology class in Hd, x {E\'*), 

(4) For [6] dl G £ 2 *<* = H dl (E*>*), define fe 2 ([&k) - M G £ 2 * 



jiai]di, where [ denotes the 



The derived couple (|3.6[) is also an exact couple, and j'2 and &2 are well-defined (see 

Ens]). 

Proposition 3.2. (i) There exists a spectral sequence (EP' q ,d r ) derived from the 
filtration {K n } n >o, where E\' q = H^ q (K p / K p+ i) and d\ = jik\, and E^ q = 
Hd 1 {E 1 { ,q ) and c?2 = J2&2- The bidegree of d r is (r, 1 — r). 

(ii) The spectral sequence {£^' 9 , d r } converges to the twisted de Rham cohomol- 
ogy 

(3 7) © E™^H°(M,H) and E™^H*{M,H). 

K ' ; p+q=i p+q=0 
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Proof. Since the filtration is bounded and complete, the proof follows from the 
standard algebraic topology method (see [33]). □ 



Remark 3.3. 



and 



(1) Note that 



H e D {K p ) i is even, 
H° D {K p ) i is odd. 



p+i) 



H e D (K p /K. p+1 ) i is even, 
H° D {K p /K p+l ) i is odd. 

Then we have that H l D (K p ) and H % D (K p j K p +i) are 2-periodic on i. Con- 
sequently, the spectral sequence {E P ' q ,d r } is 2-periodic on q. 
(2) There is also a spectral sequence converging to the twisted cohomology 
H*(M, E, H) for a flat vector bundle E over M. 

Proposition 3.4. For the spectral sequence in Proposition 
(i) The _Ejj s *-term is given by 



K +q (K p /K p+1 ) = 



fi p (M) q is even, 
q is odd. 



and d\x p = dx p for any x p 6 E p,q . 
(ii) The i?2'*-term is given by 



HP(M) q is even, 
q is odd. 



and ^2 = 0. 

(iii) El q = E£ q and d 3 [x p ] = [H 3 Ax p ] for [x p } 3 € E™. 

Proof, (i) By Lemma |3.1[ we have the £^'*-term as desired, and by definition we 
obtain d± = j\k\ : E\' q — > E^ +1,q . We only need to consider the case when q is 
even, otherwise d± = 0. By (|3.2p for odd p (the case when p is even, is similar), we 
have a large commutative diagram 

(3-8) : : : 



K, 



D 

p+1 
D 



K° 



K° . 



— 

D 

QP(M) 



K 



D 

p+1 
D 



K 



where the rows are exact and the columns are cochain complexes. 
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Let x p € Cl p (M) ^ H p + q (K p /K p+1 ) £f 9 and 

[^] 

(3.9) x = x p 



h2j 
»=0 



be an (inhomogeneous) form, where x p+ 2i is a (p + 2i)-form (0 < i < Then 
a; e ]f°, jx = x p and Dx S -ftTp. Also Dx 6 K p +i- By the definition of the 
homomorphism 6 in (|3.3|) . we have 

(3.10) k lXp = [Daj] D , 

where [ }d is the cohomology class in Hd(K p+ i). The class [Dj]d is well defined 
and independent of the choices of x p +2i (1 < i < [h^D ( see 01 P- 116 D- 
Choose x p+2i = (1 < i < [^}). Then we have 

kiXp = [Dx] D 

= [dx p + HAx p ]D 

= [dxp + J2 H x+i A arjc G H p D +q+1 (K p+1 ). 



Thus one obtains 



diXp = {jiki)x p 
= .h(ki(x p )) 

= ji[dx p + ^ H-M+i A x p\d 
i=i 

(ii) By the definition of the spectral sequence and (i), one obtains that E p ' q = 
H P (M) when q is even, and E P ' q = when q is odd. Note that d 2 : E p ' q 
E P+2,q ~ 1 . It follows that c?2 = by degree reasons. 

(iii) Note that [x p ]z G E P ' q implies dx p = 0. Choose x v+ 2i — for 1 < i < p^], 
and we get 

[Dijc = [H A x p ] D = [ H 2i+i A e H p D +q+1 (K p+1 ), 
i=i 

where x is given in the proof of (i). Note that 

(3.11) H p + q+1 (K p+1 ) J- H p D +q+1 (K p+3 ) —± H p D +q+1 (K p+3 /K p+4 ) 



[Dx] D — [Dx] D H 3 A x, 

It follows that 

d 3 [x p ] 3 = j3k 3 [x p ] 3 

= h{kix p ) 

(3.12) = ]3 [Dx] D 

= M^f[Dx] D )] 3 

= [H 3 Ax p } 3 , 
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where the first, second and fourth identities follow from the definitions of d^, k% and 
j3 respectively, and the third and the last identities follow from (|3.10[) and (|3.11l) . 
By (ii), d 2 = 0, so E v z q = E^ q . Then we have 

d 3 [x p ] = [H3 A Xp\. 

□ 



Corollary 3.5. d 2 k = for k > 1. Therefore, for k > 1, 
(3-13) E™ +1 =E™. 

Proof. Note that d 2k ■ E%£ — > EP+ 2k ' q+1 ~ 2k . By Proposition GU (ii), if q is odd, 
then E™ = which implies that E^ — 0. By degree reasons, we have d 2 k = and 
ET + i=^fovk>l. ' ' □ 

The differential ^3 for the case in which H = H3 is shown in [TJ §6], and the 
S| -term is also known. 



4. Differentials d 2t +z (t > 1) in terms of cup products 

In this section, we will show that the differentials d 2t +z (t > 1) can be given in 
terms of cup products. 

r n-l i 

We first consider the general case that H = Y^i=i H 2 i+i- For [a; p ]2t+3 £ E 2 [ q +3l 
[ "—p i 

we let x = Yj)Jo x p+2j e Fp(Q*(M)). Then we have 

Dx ={d+ J2 H 2i+l)( E x P+2j) 
(4.1) 1=1 J=0 

= dx p + {dx p+2j+2 + H 2l+ \ A x p+2 Q_i) +2 ). 

j=0 i=l 

[ "-p i 

Denote y = Dx = X)j=o Vp+ij+x, where 
(4.2) 

{y p+1 = dx p , 
Vp+2j+3 = dx p+2j+2 + J2 H 2l+ i A X p+2 {j-i)+2 (0 < j < V 1 ^] - 1). 
»=1 

Theorem 4.1. For [2^24+3 € £-24+3 — 1)j fiere exist x p+2i = x p t ] r2i (1 < i < t) 
such that y p + 2 j+i = (0 < j < i) and 

t 

^2t+3[^p]2t+3 = ^2i+l A £p+ 2 (t-i)+2 + H 2t+3 A X p ] 2t+3l 

1=1 

where the (p + 2i)-form j depends on t. 

Proof. The theorem is shown by mathematical induction on £. 

When < = 1, [x p ]2t+3 = [x p ]5. [x p ]s 6 -Ef' 9 implies that dx p = and 1^3 [x p ] — 
[i?3 A Xp] = by Proposition 13.41 Thus there exists a (p + 2)-form v\ such that 

H3 A x p = d(—Vi). We can choose x p ^_ 2 — v\ to get y p + 3 = dx^ 2 + ^3 Ai f = 
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dv\ + H 3 A x p = from (|4~2|) . Note that 



(4.3) 



Tjp+q+l 



(K P+ i) 



TjP+q+l 
n D 



(K P+5 ) 



^H p D + « +1 (K p+5 /K p+6 ) 



[Dx] 



(H 1 ) 4 



D 



[Dx] 



D 



J i 



■ Up+5 , 



we obtain 



(4.4) 



= 3b[Dx\ D 



The reasons for the identities in (|4.4I) are similar to those of A3. 12[) . Thus we have 

d5[x p } 5 = [dx p+ 4 + H 3 A Xpl 2 + H 5 A x p } 5 
= [H 3 Ax p % + H 5 Ax p ] 5 , 

where the first identity follows from (|4.4I) and the definition of y p +5 in (|4.2I) . and 
the second one follows from that dxp+4 vanishes in E§'* . Hence the result holds for 
t = l. 

Suppose the result holds for t < m — 1. Now we show that the theorem also 
holds for t = m. 

From [x p } 2m +3 € E%£ +3 , we have [xp] 2m+ i G B'm+i and ^m+i[^]2m+i = 0. 
By induction, there exist x p "^ 2 p (1 < i < m — 1) such that 



(4.5) { 



2/p+i (x p ) = dx p = 0, 

Vp+3 ( x p) = dx p+2 1] + H3 Ax p = 0, 

(TO— 1) / \ j (TO — 1) . v-^j — 1 „ , (TO — 1) . TJ . 

y p +2i+l{ X P) = dx p+2i + Ej=l ff 2i+l A Zp+a^-j) + #2^+1 A Xp 

= (2 < % < m- 1), 



^2m+l [^pbm+l = [ £ #2*+l A 



p-\-2(m — i) 



Him+l A Ip]2m+1 — 0. 



By d 2m = and the last equation in (|4.5[) . there exists a (p + 2)-form Wp+2 such 
that 



(4.6) [J2h 2i+ iA 

X p+2(m-i) + H2m+1 A Xp\ 2m -\ — d 2m-l [Wp+2]2m— !• 



By induction and [ttfp+abm-i G ^2ro-i 2 ' there exist 



such that 



(ro-2) 
J p+2(i+l) 



(1 < i < to - 2) 
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(4-7) 

Vp+3 ^ ( W P+2) = dw P+2 = 0, 
(m— 2) / \ . (m — 2) TT . ^ 

y p+5 [Wp+2) = dw y p+i + if 3 A w p+ 2 = 0, 

2/^+3(^+2) = ^p+2(il) + Ej-=1 #2i+l A ^+2(fl i+1) + Jf 2 i+1 A W p+ 2 

= (2 < i < m - 2), 

m-2 ( m -2) 
^2m-l[Wp+2]2m-l = [ E ^?2i+l A w p+ 2( m -i) + ^2m-l A Wp+2]2m-l- 
i= 1 

By (|4.6j) and the last equation in (|4.7p . we obtain 

m-2 



^2 4 +lA(^™ 2( ^_ l) -^™ 2( ^_ l) )+/f 2 m-lA(4+2 1) -UV+2)+^2m+lAx p ] 2m -l = 0. 



1=1 

Note that e?2m-2 = 0, it follows that there exists a (p + 4)-form w p +4 such that 

m-2 



[ £ H 2i+ i A (^ +2(l „_ l) - % +2( „ J l _ l) ) + H 2m -i A (x p+2 - w p+ 2) + H 2m +i A a: p ] 2 m- 3 

i—1 

= rf2m-3K+4]2m-3- 

Keeping the same iteration process as mentioned above, we have 

2 . . ro— 3 , _ 

[E(^2i+1 A(^ +2( ^ - £ %+2(m-i))) + 

i=l j=l 
m-1 (m-1) rn-l-j . _ 1 _ .. 

E A (2: p + 2(m _ l) " E %+2(m-i) " ^P+2(m-i))) + #2m+l A 2^7 = 0. 

j=3 j=l 

By ^6 = 0, it follows that there exists a (p + 2(m — 2))-form u> p + 2 (m-2) such that 
(4.8) 

2 f m— 3 _ .. m-1 

[E(#2 I+ i a (^ m 2(j7 U.) - E %+2 (m -i))) + E (^+i a (^;+ 2(7 ;_ i) - 

i=l J = l i=3 

ro— i— 1 / 

E %+ 2 (m-i) ~ W P+2(m-i))) + ^2m+l A Z p ] 5 = d 5 [w p+2 (m-2)]5- 

i=i 

By induction and [io p+2 (to-2)]5 G £|+2(™-2),>j-2(m-2) ^ there ex . gtg ^W^^ 
such that 

!y p +2m-3( W P+2(m-2)) = ^ p+2 (m-2) = 0, 
yp+2m-l( W P+2(m-2)) = ^^(m-l) + H * A W P+2(m-2) = 0, 
4[^p+2(TO-2)]5 = [#3 A lW p +2(m-l) + ^5 A U> p+ 2(m-2)]5- 

By (|4.8p , the last equation in (|4.9j) and d± — 0, it follows that there exists a 
(p + 2(m — l))-form w p + 2 (m-i) such that 

K*a A 0»fcS-i) - E 2 -^'!))) + E^hi A {x%H_ ir 

j=l i=2 

m—i—1 , _ 1 _ 

E W p +2(m-i) ~ W p+2(m-i))) + #2ro+l A X p ] = d 3 [w p+2 ( m -l)] = [ H 3 A W p+2 (m-l)] 
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and yp+ 2m _i(io p +2(m-i)) = dw p+2 ( m -i) = 0. Thus there exists a (p + 2m)-form 

w p +2m such that 

(4.10) 

m — 1 m—i—1 

(iJ2l+1 A (4+2(m-i) ~ H ™£+2(m-i) ~ ^p+2(m-i))) + #2,„+l Ax p = dw p+2m . 
By comparing (|4.10[) with (|4.2I) . we choose at this time 

(m) (m — 1) 

Xp+2 = 4+2 = 4+2 ~ W P+2, 

(4.11) <| x p+2l = 4+L = 4+ai^ " £ w p+2~/~ j) " w P+2i (2 < i < to - 1), 

3=1 

_ (m) _ _ 
Xp+2m — x p+2m — w p+2m- 



From (|4.2[) . by a direct computation we have 
2/p+i = Vp+I^ixp) = 0, 

2 — 1 

( 4 - 12 ) \ v v +2i-\ = y ( Jln-i( x p) ~ £ 4+2i-7 ) ( w P+2i) = o (2 < i < m), 

Vp+2m+l = 0. 

Note that 
(4.13) 



+2m+3/ K p+ 2m+4) 



(h 1 ) 2(m + 1) 31 
[Dx]d »- [Dx]d Vp+2m+3- 

By the similar reasons as in (|3.12[) , the following identities hold. 

d2m+3[%p]2m+3 = j2m+3^2m+3 [ x p]2m+3 
= 32m+3{klX p ) 

(4.14) =hm+3[Dx] D 

= \jl(h 1 ) 2{m+1) {Dx} D )2m+3 
= [yp+2m+3J2m+3' 

So we have 

d2m+3[ x p]2m+3 = [Up+2m+3\ 2m+3 

m , . 

by 62 

2 — 1 

TO (m) 
= [£ #21+1 A ^ p+2 ( m _- i+ i) + H 2m +3 A 5C p ] 2 m+3, 
i— 1 

showing that the result also holds for t = m. 

The proof of the theorem is finished. □ 

Remark 4.2. Note that x p ^_ 2i (1 < i < t) depends on t, and X^ 2i ^ x p+2i 011 
the condition that t\ ^ t 2 generally. x^_ 2i (1 < i < i) are related to X^ 2 j 

(i<i<*-i,i<t). 

Now we consider the special case in which H = H 2s +i (s > 1) only. For this 
special case, we will give a more explicit result which is stronger than Theorem l4.ll 
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til 



For x = J2j=o x p+2j, we have 

Dx =(d + H 2s+1 )(J2 { j X i x p+2j ) 

= T,jZ dx P+2] + Ej4 (dx p+ 2j + H 2s +1 A X p+2 (j- s )). 

Denote 

(4 15) / yp+2J+ 1 = dx P+ 2 i (0 < i < s - 1) L 

[ "-P I 

Then Da; = X)j=o 2/p+2i+i< 

Theorem 4.3. For = H 2s+ i (s > 1) otiZj/ <™d [ai p ]2t+3 S -Eft +3 (* — 1)> ^ ere 
eirisi x p+2is = x p ^ 2ls , x p+2{l ^ 1)s+2] = and x p+2[ <_ ]s+2k = /or 1 < i < [f], 
1 < j < s — 1 and 1 < fc < t — [-]s such that y p + 2u +\ = (0 < u < t) and 

![H 2s+ i A x p ] 2s+ i t = s-1, 

[H 2s+ i A a; p +2 1 ( ) i_i)j2t+3 t = ls-l (I > 2), 
otherwise, 

where the (p + 2is)-form x p ^_ 2is depends on [|]. 

Proof. The proof of the theorem is by mathematical induction on s. 
When s = 1, the result follows from Theorem 14. II 

When s > 2, we prove the result by mathematical induction on t. We first show 
that the result holds for t = 1. Note that [x p ]s £ Ff' 9 implies y p +i = dx p = 0. 
Choose x p +2 = and make y p +z = 0. 

(i) . When s = 2, by (|4.4j) we have 

^[^p^ = [2/ P +5]5 

= [da; p+ 4 + H 5 A x p ] 5 
= [i/ 5 A x p ] 5 . 

(ii) . When s > 3, by we have 

= [y P +s]5 = [d^p+Js = 0. 

Combining (i) and (ii), we have that the theorem holds for t = 1. 
Suppose the theorem holds for t < m — 1. Now we show that the theorem also 
holds for t = m. 

Case 1. 2 < m < s— 1. 

By induction, the theorem holds for 1 < t < m — 1. Choose x p +2i = (1 < i < 
m), and from (|4.15|) we easily get that y p + 2 j+i = (0 < j < to). By ()4.14j) and 
l|4.15jl . we have 

rf2m+3[3 ; p]2m+3 = [2/ P +2m+3] 2m+3 

_ / [ rfa; P +2(m+l)]2m+3 2 < TO < S - 2, 

[dx p+2{m+l) + H 2s+ i A x p ] 2m +3 m = s-1, 
2 < m < s - 2, 

[H 2s+ i A x p ] 2s+ i m = s-1. 

Case 2. m = ls-l (I > 2). 

By induction, the theorem holds for t = m — 1 = Is — 2. Thus, there exist 
x p+2ls = x p ^]~ ]) = 4+2il' a; p+2(i-i)a+23 = and x p+2[l _ 1)s+2k = for 1 < i < 
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I — 1, 1 < i < s — 1 and 1 < fc < s — 2 such that y P +2«+i = (0 < u < Is — 2). 
Choose x p+ 2(is-i) = 0, and by (|4.15|) we get 

S/p+2(Z«-l)+l = cfep+2(is-l) + H 2s +l A Xp4.2(j_i) a _2 

= + F 2s+ i A 
= 0. 

Then we have 

rf 2(i ;5 -l)+3[a ; p]2(/s-l)+3 = [yp+2i*+l]2(Ja-l)+3 b y (|4.14|) 

= [d^p+ais + i? 2s +i A a;^ 2 1 ( ) ; _ 1) J 2(;s _ 1)+ 3 by (|4.15[) 

_ \TJ A ('-!) 1 

- [-«2 S +1 A x p+ 2(/-l) s J2(is-l)+3- 

Case 3. to = Is (I > 1). 

(Z— 1) 

By induction, there exist x p+2ls = x p+2 \ s = x p+2 ! 8 , x p+2 (i-i) s+ 2j = and 
x p+ 2(i-i)s+2k — for l<i</ — 1, l<j<s — 1 and 1 < k < s — 1 such that 
Vp+2u+i — (0 < u < Is — 1). By the same method as in Theorem l4.1[ one has that 
there exist x p+2 i S = x p l 2is , x p+2 ^i) a+2j = and £p +2 (;_i) s+2 fc = for 1 < i < I , 
1 < j < s - 1 and 1 < fc < s - 1 such that 2/p+2«+i = (0 < u < Is). By (|4~l"4l) . 
(14.151) and £ p+2 ! S - 2s+2 = 0, we have 

d 2 ls+3[x p ] 2 ls+3 = [j/p+2Zs+3]2Zs+3 

= [dx p +2; s +2 + H 2s+ i A 2; p +2is-2s+2]2is+3 

= 0. 

Case 4. Is < m < (I + l)s - 1 (Z > 1). 

By induction, there exist x p+2is = x p ^]~ ]) = x p l) +2is , x p+2{i ^ 1)s+2j = and 
3^p+2Zs+2fe = for 1<«<Z, 1<j<s — 1 and 1</c<tt2 — Zs — 1 such that 
y p+2u+1 = (0 < u < m — 1). Choose x p+2m = and make y p+2m +i = 0. By 
(|4.14p . (|4.15|) and x p+2m -2 S +2 = 0, we have 

rf2m+3[a;p]2m+3 = [j/p+2 m+3] 2m+3 

= [dx p J r 2m+2 + H 2s+ i A Xp+2m-2s+2]2m+3 
= 0. 

Combining Cases 1-4, we have that the result holds for t = to and the proof is 
completed. □ 

Remark 4.4. (1) Theorems 14. II and 14.31 show that the differentials in the spec- 
tral sequence (II. 2[) can be computed in terms of cup products with i?2j+i's. 

([—1) 

The existence of x p + 2i 's and £ p _j! 2is 's m Theorems 14. II and 14.31 plavs an es- 
sential role in proving Theorems 15.81 and 15.131 respectively. Theorems 14.11 
and 14.31 give a description of the differentials at the level of -Eft+3 for the 
spectral sequence (|1.2[) . which was ignored in the previous studies of the 
twisted de Rham cohomology in [TJ |5] . 
(2) Note that Theorem l4.3l is not a corollary of Theorem 14. II and it can not be 
obtained from Theorem 14.11 directly. 

5. Differentials d 2t+3 (t > 1) in terms of Massey products 

The Massey product is a cohomology operation of higher order introduced in 
[5], which generalizes the cup product. In [TU], May showed that the differentials 
in the Eilenberg-Moore spectral sequence associated with the path-loop fibration 
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of a path connected, simply connected space are completely determined by higher 
order Massey products. Kraines and Schochet [5] also described the differentials in 
Eilenberg-Moore spectral sequence by Massey products. In order to describe the 
differentials g?2*+3 (t > 1) in terms of Massey products, we first recall briefly the 
definition of Massey products (see [4j [10l [TTJ [13] ) . Then the main theorems in this 
paper will be shown. 

Because of different conventions in the literature used to define Massey products, 
we present the following definitions. If x £ il p (M), the symbol x will denote 
(— l) 1+( ^ e S x x = (— l) 1+p x. We first define the Massey triple product. 

Let X\, X2, £3 be closed differential forms on M of degrees r±, r%, r% with 
fai]^] = and [X2HZ3] = 0, where [ ] denotes the de Rham cohomology class. 
Thus, there are differential forms v± of degree r\ + T2 — 1 and 1)2 of degree T2 + r% — 1 
such that dv\ = x\ A X2 and dv2 — 2^2 A X3. Define the (r*i + T2 + r 3 — l)-form 

(5.1) us = v\ A X3 + x\ A V2- 

Then ui satisfies 

d(u) = {-l) ri+r2 d Vl Ax 3 + (-l) ri xi A dv 2 



(-l) ri+r! iiAi 2 Ai3 + (-l) 
0. 



ri+ra+l 



x\ A X2 A xz 



Hence a set of all the cohomology classes [uj\ obtained by the above procedure is 
defined to be the Massey triple product (xi, 2:2, £3) of X\,X2 and X3. Due to the 
ambiguity of Vi,i — 1,2, the Massey triple product (x\,X2,X3) is a representative 
of the quotient group 

H ri+r2+r3 - 1 (M)/([x 1 ]H r2+r3 - 1 (M) + H ri+r2 - 1 {M)[x 3 ]). 

Definition 5.1. Let (ST* (M),d) be de Rham complex, and x-y, X2, ■■■ , x n closed 
differential forms on M with [xi] S H Ti (M). A collection of forms, A — (a^-), for 
1 < 4 < j < /s and (i,j) ^ 0-i n ) is sa id to be a defining system for the n-fold 
Massey product (x%, X2, ■ ■ ■ , x n ) if 

(1) Ctij 6 ri + ri +'+-+Ti+i(M), 

(2) a lA = Xi for i = 1,2, • • • , k, 

3-1 _ 



(3) d(a itj ) 
The (n + • • • 4 

(5.2) 



A a 



r+lj- 



c(A) 



2)-dimcnsional cocycle, c(A), defined by 

-«+2( M ) 



n-l 

E 

r=l 



n H \-r„ 



is called the related cocycle of the defining system A. 

Remark 5.2. There is a unique matrix associated to each defining system A as 



follows. 



/ a>i, 



0.1,2 

a.2.2 



ai,3 

02,3 
^3,3 



»l,n-2 

<l2,n-2 

»3,n-2 



0.1,n- 
0,2,n- 
«3,n- 



02, : 

03, '. 



Ctn-2,n-2 &n-2,n-l On-2,', 
^n — l,n— 1 "n— 1,'< 

^T? _TJ. 
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Definition 5.3. The 71-fold Massey product (xi,X2, ■ • ■ ,x n ) is said to be denned 
if there is a defining system for it. If it is defined, then (xi, X2, • • • , x n ) consists of 
all classes w 6 }j r i+ r 2^ ^ r ™- n + 2 (M) for which there exists a defining system A 
such that c{A) represents w. 

Remark 5.4. There is an inherent ambiguity in the definition of the Massey product 
arising from the choices of defining systems. In general, the n-fold Massey product 
may or may not be a coset of a subgroup, but its indeterminacy is a subset of a 
matrix Massey product (see pUl §2]). 

Based on Theorems 14.11 and 14.31 we have the following lemma on defining systems 
for the two Massey products we consider in this paper. 

Lemma 5.5. (I) For [x p ]2t+3 G ^2t+3 ft — -U> there are defining systems for 
(H 3 , • • • ,H 3 ,x p ) obtained from Theorem \4- 1\ 

t+i 

(2) For [x p ]2t+3 € E2I+3, when t = Is — 1 (I > 2) there are defining systems for 
(i?2 S +i, • • • j H2S+1, x p ) obtained from Theorem \4-3\ . 

( 

Proof. (1) From Theorem 14. II there exist x^_ 2 j 0- — 3 — such that y p +2i+i = 

* (t) 

(0 < i < t) and d 2 t+3Fp]2i+3 = E #2i+i A x^| 2(t _ i+1) + #24+3 A x p ] 2 t+3- By 

i— 1 

Theorem l4.Il and (I4.2p . there exists a defining system A = (a,,j) for (iJ 3 , • • • , 7? 3 , x p ) 

t+1 

as follows: 



&t+2.t+2 — X p , 

(5.3) { a iii+k = (-l) k H 2 k+3 (l<i<t + l-k, 0<k<t), 

a i<t+ 2 = (-l) t+2 - i 4+2(t+2- i ) (2 < * < t + 1), 



to which the matrix associated is given by 
(5.4) 



/ H 3 -H 5 
H 3 



H 7 
H 3 



( — 1)* 1 H2t+l ( — l) t H2t+3 

(-iy- 2 H2t-i (-ly-'H, 
(-iy- 3 H2 t -3 (-iy- 2 



2t+l 
#24-1 



Ho 



-H 5 
H 3 



( l)* X p+2t 



(-1) 



t-ljt) 



p+2t-2 



(-l) 2 x {t) 



p+4 



b p+2 



(t+2)x(t 



The desired result follows. 

(2) By Theorem|4~3l there exist x p+ 2 is = x^L, x P +2(i-i)s+2j = and x p+2 (i-i) s +2fc 
for 1 < i < I — 1, 1 < j < s — 1 and 1 < k < s — 1 such that y p +2i+i = (0 < i < t) 

and d 2 t+3[xp]2t+3 = [H 2s +i ^ x p+ 2 (l-i) s ht+3- By Theorem S3] and (|4.15|) . there also 
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exists a defining system A = (aij) for (Hss+i, 4 ■ • >H2 S +i,%p) as follows: 



(5.5) 



<k,j = (1 < i < j < I), 

a>i,i = H 2s +i (1 < i < I), 
a l+l,l + l = x p , 

«M+i = (-l) m -^.4 +1 _ i)s (2 < * < 0, 

to which the matrix associated is given by 
(5.6) 

/ H 2s +i • • • 

His+x ••• (-l)'- 1 ^.!), 

H 2s+1 ■■■ (-1)'- 2 4S_ 2)S 



V 



The desired result follows. 



H2s+i (-l) 2 ^ 

H 2s +1 (- 1 )4+2s ) 



(i + l)x('+l). 



□ 



To obtain our desired theorems by specific elements of Massey products, we 
restrict the allowable choices of defining systems for the two Massey products in 
Lemma 15.51 fcf. |15)V By Lemma |5.5[ we give the following definitions. 

Definition 5.6. (1) Given a class [x p ]2t+3 S £24+3 — 1)> a specific element 
of (t + 2)-fold Massey product {H 3 ,--- ,H 3 ,x p ), denoted by (H 3 ,--- ,H 3 ,x p )a, 

s / s / 

t+1 t+1 
is a class in H p+2t+3 (M) represent by c(A), where A is a defining system ob- 
tained from Theorems 14.11 We define the (t + 2)-fold allowable Massey product 
(H 3 , ■ ■ ■ , H 3 , x p )+ to be the set of all the cohomology classes w £ H p+2t+3 (M) for 

t+i 

which there exists a defining system A obtained from Theorem 14.11 such that c(A) 
represents w. 

(2) Similarly, given a class [x p ] 2t + 3 G ^2t+3 (* — 1)- when t = Is — 1 (I > 2) we 
define the specific element of (I + l)-fold Massey product (H 2s+ i, ■ ■ ■ , H 2s+ i,x p ) 

" v ' 

1 

and the (I + l)-fold allowable Massey product (H 2s+ i, • • • , H 2s+ i, x p }+ by replacing 

" v ' 

/ 

Theorem O by Theorem gjj] in (1 ) . 

Remark 5.7. (1) From Definition 15.61 we can get the following 

( H 3 , ■ ■ ■ tjh , x P )* Q ( H 3 , ■ ■ ■ ,H 3; x p ), ( H 3 , ■ ■ ■ ,H 3 , x p )+ C ( H 3 , ■ ■ ■ ,H 3 , x p ). 

t+1 t+1 t+1 t+1 

(2) The allowable Massey product (#3, • • ■ , H 3 , x p )^ is less ambiguous than the 

t+i 

general Massey product (H 3 ,--- ,H 3 ,x p ). Take (H 3 , H 3 , x p )i, in Definition 15.61 for 

t+i 
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example. Suppose H = X)!=T~' #2»+i- By Theorem 14. II and (|4.2p . there exist x p ^_ 2 j 

such that y P +2i+i =0 (0 < i < 1) and cfefcpls = [#3 A + H 5 A ar p ] s . By 
Lemma [5.51 we get a defining system A for (i?3, H 3 ,x p ) and its related cocycle 
c(A) = —H 3 A £ p + 2 ~ H$ A x p . Thus, we have 

(5.7) (H 3 ,H 3 , x p ) A = [-H 3 A x ( p % - H 5 A z p ]. 

Obviously, the indeterminacy of the allowable Massey product (H 3 , H 3 ,x p }+ is 
[i? 3 ]i/ p+2 (Af ). However, in the general case, the indeterminacy of the Massey 
product (H 3 ,H 3 ,x p ) is [H 3 ]HP+ 2 (M) + H 5 (M)[x p ]. 

Similarly, the allowable Massey product (H 2s +i, • • ■ , H2 S +i,x p )* is less ambigu- 

" v ' 

I 

ous than the general Massey product {H 2s +i) • • • , H2 S +i, x p ). 

i 

Now we begin to show our main theorems. 

| n-l | 

Theorem 5.8. For H = Hn+\ and [x p ]2t+3 S ^2t+3> ^ e differential of the 

spectral sequence U.fy) d 2 t+3 ■ E 2 ^_ 3 — * -^2t+3 + ' 9 ^ * s flwen 6y 

t+l 

and [(i?3, • • • ,H 3 ,x p ) A]it+3 is independent of the choice of the defining system A 
t+l 

obtained from Theorem^. 1\ 



Proof. By Lemma [5.51 (1), there exist defining systems for (H 3 , ■ ■ ■ ,H 3 ,x p ) given 

t+l 

by Theorem 14. II For any defining system A = (ciij) given by Theorem 14. 1[ by (|5.4p 
we have 

t 

c(A) = (-1)'(]T H 2l+ i A 4+2( t - i+ i) + #2 t+3 A x p ). 

»=1 

By Definition 15.61 we have 

(5.8) ( H 3 ,--- ) H 3 ,x p ) A = [c(A)}. 

t+i 

Then by Theorem 14. 11 we have 

* (t) 

d2t+z[x p ]2t+3 — [J2 H21+1 A x p+ 2(t-i+i) + H 2 t+3 A a; p ] 2 t+3 
= (-iy[(H 3 ,-- ,H 3 ,x p ) A ] 2t+3 . 

« ' 

t+l 

Thus, we have d 2 t+3[£p]2t+3 = (-1)'[( ^3,' - ' , H 3 ,x p ) A\2t+3- 

t+l 

By the arbitrariness of A, we have [(H 3 , • • • , 7/3, x p )A]2t+3 is independent of the 

t+l 

choice of the defining system A obtained from Theorem 14. II □ 
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Example 5.9. For formal manifolds which are manifolds with vanishing Massey 
products, it is easy to get 

E P,q ^ E p, q 

by Theorem 15.81 Note that simply connected compact Kahler manifolds are an 
important class of formal manifolds (see [5]). 

Remark 5.10. (1) From the proof of the theorem above, we have that the specific 
element (i?3, • • • ,H3,x p )a represents a class in E 2 i+ 3 - For two different defining 

t+i 

systems Ai and A 2 given by Theorem 14. 11 we have 

{ H 3 , ■ ■ ■ ,H 3 ,x p ) Al i= ( H 3 , ■ ■ ■ ,H 3 ,x p )a 2 
t+i t+i 

generally. However, in the spectral sequence (|1.2p we have 

[{ H 3 , ■ ■• , H 3 , X p ) Al ] 2 t+ 3 = [{ H 3 ,--- ,H 3 ^ Xp)A 2 ]2t+3- 

t+1 t+1 

(2) Since the indeterminacy of {H 3 , • • • , H3, x p }+ does not affect our results, we 

t+i 

will not analyze the indeterminacy of Massey products in this paper. 

(3) By Theorem^ d n+3 [x p } 2t+3 = (-l) 4 [(i? 3 , • • • ,H 3 ,x p ) A ] 2t+3 for t > 1 

t+i 

which is expressed only by H3 and x p . From the proof of Theorem 15.81 we know 
that the expression above conceals some information, because the other iTgi+i's 
affect the result implicitly. 

We have the following corollary (see [TJ Proposition 6.1]). 

Corollary 5.11. For H = H 3 only and [a; p ]2t+3 S -Eft+s — 1)j we have that in 
the spectral sequence (|1.2jl . 

^2t+3[a;p]2t+3 = (~l) f [{ H 3 , ■■■ , H 3 , X p ) A ]2t+S, 

t+1 

and [{H 3 , ■ ■ ■ , H3, x p )A]2t+3 is independent of the choice of the defining system A 
t+i 

obtained from Theorem 14. 



Remark 5.12. (1) Because the definition of Massey products is different from 
the definition in [I] , the expression of differentials in Corollary 15.111 differs 
from the one in [TJ Proposition 6.1]. 
(2) The two specific elements of {H 3 ,--- ,H 3 ,x p ) in Theorem 15.81 and Corol- 

V v ' 

t+1 

larv 15.111 are completely different, and equal [c(Ai)] and [c(A 2 )] respec- 
tively, where c{Ai) (i = 1,2) are related cocycles of the defining systems Ai 
(i = 1,2) obtained from Theorem 14.11 The matrices associated to the two 
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defining systems are given by 



/ H 3 -H 5 H 7 
H 3 —H5 
H 3 



2t+l ( — 1) H2t+3 

(-iy- 3 H 2t _ 3 (-iy- 2 H; 



2t-l 



I 1 ) x p+2t-2 



H 3 



and 

/ H 3 




H 3 
H 3 



-H 6 
H 3 



( l)* X p+2t 



(-l)z 



p+2 



(t+2)x(t+2) 



-i r W 



p+2t-2 



H 3 



\ 



(— l)x p+2 



/ 



(i+2)x(t+2), 



respectively. Here x p t ^_ 2i (1 < i < t) in the first matrix are different from 
those in the second one. 

For = i?2s+i (s > 2) only (i.e., in the case Hi = 0, i ^ 2s + 1) and [x p ]2t+3 6 
^2t+3 (* — 1)' we ma ke use of Theorem 15.81 to get that 



(5.9) 



d2t+3[Xpht+3 = (-1)*[(0, ••• ,0,X p ) A ht+3- 

t+1 



Obviously, some information has been concealed in the expression above. Now we 
give another description of the differentials for this special case. 

Theorem 5.13. For H = i? 2 s+i (s > 1) only and [x p ] 2 t+3 € ^2t+3 — 1)> ^ e 
differential of the spectral sequence il.ty) d 2 t+3 : ^2t+3 — ^ ^2i+ 2 3 t+3<? ^ * s given 
by 



T'2t+3[Xp\2t+3 



[H 2s+ i A a; p ] 2t +3 t = s - 1, 

(-l)'- 1 [( J f/ 2s+1 , • • - ,if 2s +i,a;p)B]2t+3 t = ls-l (Z>2), 



otherwise, 
and [{H 2s+ i, ■ ■ ■ , H 2s +i, a^p)s]2t+3 is independent of the choice of the defining sys- 
( 

iem -B obtained from\J7i 



Proof. When t = s — 1, the result follows from Theorem [ 

When t = Is — 1 (/ > 2), from Lemma [5751 (2) we know that there exist defining 
systems for (H 2s +i, • ■ ■ , H 2s+ ±, x p ) obtained from Theorem 14.31 For any defining 



system B given by Theorem l4.3l by (|5.6[) we get c(B) = (—1)' 1 i?2s+i A 



(2-1) 

>+2(Z-l)s- 
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By Definition 15.6 
(5.10) 



(H 2s +x, ■ ■ ■ 7 H 2s +i,x p )b = [c{B)\ 

V v ' 

I 



Then by Theorem 14.31 we have 

d2t+3[Xpht+3 = [#28+1 A 2p +2( 7-l)sJ 2 *+ 3 

= (-l) l ^ 1 [(H 2 s+l, ■ ■ ■ , H2s+l,X p ) B ht+3- 



Thus 



d2t+3[ x p]2t+3 — ( — 1) [(#2s+li' - ' ; H 2s +li a; p )_B]2t+3- 



By the arbitrariness of B, we have [(H 2s +i, • • ■ , H 2s +i, Sp)s]2t+3 is independent of 



the choice of the defining system B obtained from Theorem 
For the rest cases of t, the results follows from Theorem 
The proof of this theorem is completed. 



□ 



Remark 5.14. We now use the special case that H = H 5 and dg[x p ]g to illustrate 
the compatibility between Theorems l5.8l and l5.13l for s = 2 and t = 3. 

Note that in this case H 3 = and £Zj = for i > 5. By TIieorem l5.81 we get the 
corresponding matrix associated to the defining system A for (0, 0, 0, 0, x p ) a is 

/ -H B \ 



(5.11) 







—x, 



(3) 
p+6 
(3) 
p+i 
(3) 



V 



p+2 



.1 ■ , - 



J 



5 x 5 



and 

(5.12) d 9 [x p } 9 = -[(0,0,0,0,^)^9. 

By Theorem 15.131 in this case the matrix associated to the defining system B 
for (H 5 ,H 5 ,x p ) B is 

(5.13) 



H 5 



v P+i 



3x3. 



and 

(5.14) d g [x p } 9 = -[{H 5 ,H 5 ,x p } B ]9- 

We claim that (H$, H^^Xp)* — (0, 0, 0, 0, x p )±. For any defining system B above, 
there is a defining system B 

( -H 5 
-H 5 







-H 5 x 





(i) 

p+4 





V 



.r 



V J 



5x5 
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for (0,0, 0,0, x p ) which can be obtained from Theorem 14.11 such that 



(0,0,0,0,x p ) 



P/B ~ 



(ff 5 , H 5 , x p ) B - 



Hence (H 5 ,H 5 , x p )± C (0, 0, 0, 0, [a: p ])*- On the other hand, for any defining system 
A above there is also a defining system A 



Therefore (0, 0, 0, 0, x p )+ C (H 5 ,H 5 ,x p )+, and the claim follows. 

By Theorem 15.81 and Remark 15.71 we have that d^[y p ]^ = — [(0, 0, y p ) a\$ = 
-[-H 5 Ayp] 5 = [H 5 A j/ p ] 5 -By TheoremEHl d 5 [y p ] 5 = [H 5 Ay p } 5 . By Proposition 
13.41 di = di = d and c?3 = d% = 0. It follows that d$ = d$. 

By Theorems [EH] and SHI we have that d 7 [z p ] 7 = [(0, 0, 0, z p ) A ] 7 = [-H a Az' p 2 j 2 \ 7 , 

(2) (2) 

where z^ 2 ^ s an arbitrary (p + 2)-form satisfying d(z^ 2 ) = A z p . By Remark 
15.101 (2), we take z p+2 — 0. Then we have d 7 [z p } 7 — 0, i.e., d 7 — 0. At the same 
time, we also have d 7 = from Theorem l5.13l Thus d 7 = d 7 = 0. 

By E\' q = Ef' q ,Ji = d % for 1 < % < 7 and (H 5 ,H 5 ,x p }+ = (0, 0, 0, 0, z p >*, we 
can conclude that c?g = dg from (|5. 12[) and (I5.14j) . 



6. The indeterminacy of differentials in the spectral sequence fll.2|) 

Let [x p ] r £ EP' q . The indeterminacy of [x p ] is a normal subgroup G of H*(M), 
which means that if there is another element [y p ] £ H P (M) which also represents 
the class [x p ] r e E^- q , then [y p ] — [x p ] e G. 

In this section, we will show that for H = J2i=i H21+1 and [a; p ]2t+3, the in- 
determinacy of the differential d2t+3,[x p ] <E ^P+ 2t + 3 <<7~ 2t ~ 2 j s a norma l subgroup of 




for (H5,H5,x p ) which can be obtained from Theorem 14.31 such that 



{H 5 ,H 5 ,x p ) A = (0,0,0,0,x p ) A . 



H*(M). 
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From the long exact sequence (|3.3|) . we have a commutative diagram 
(6.1) 



H P D +q {K p+l ) — -£ H p D +q (K p+1 /K p+2 ) -*->- ff£+« +1 (X p+2 f- 



^ +9 (^p) ^ Hf+ q (K p /K p+1 ) Hp^K^f 



H^{K P ^/K P ) 



^^H p D +q+1 {K p )- 



in which any sequence consisting of a vertical map z* followed by two horizontal 
maps j* and <5 and then a vertical map i* followed again by j* and 5 and iteration 
of this is exact. From this diagram there is obtained a spectral sequence in which 
E\' q = H^ q {K p /K p+1 ) and for r > 2, Ep q is defined to be the quotient Zp q /Bp q , 
where 

rfi - Zp q = 5-\i*^H p D +q+1 (K p+r )), 

[ ' Br = J* (kerfi— 1 : #£ +< W -> tf£ +9 (X p _ r+1 )]). 

We also have a sequence of inclusions 

(6.3) B p ' q C • • • C Bp q c Bp q x C • • • C % c c • • • C Z™. 

By [BJI3) the -E*'*-term defined above is the same as the one in the spectral sequence 
(|1.2[) . A similar argument about a homology spectral sequence is given in [161 p. 
472-473]. 

Theorem 6.1. Let H = Ell! 11 #24+1 and [x p ] r £ Ep q (r > 3), then the indeter- 
minacy of [xp] € E P ' q = H P (M) is the following normal subgroup of H P (M) 

im[5 : H$- q -\K p - r+l /K p ) -+ H p D +q (K p /K p+1 )] 
im[d: Qp- l (M) -+Q?(M)\ 

where d is just the exterior differentiation and 5 is the connecting homomorphism 
of the long exact sequence induced by the short exact sequence of cochain complexes 

— > K p /K p+ i — K p - r+ i/ K p +i Kp- r+ i/K p — > 0. 
Proof. From the tower (|6.3p above, we get a tower of subgroups of E P ' q 
B p 3 > q /B p ' q C • • • C B p - q /B p ' q C • • • C Zp q /B p ' q C 
• • ■ C Z p > q /B p ' q C Z p ' q /B p ' q = E p ' q . 

Note that Ep q = (Zp q / 'B%' q ) / '(Bp* / 'B p ' q ) . It follows that the indeterminacy of [x p ] 
is the normal subgroup Bp q /B p ' q of H P (M). 
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From the short exact sequences of cochain complexes 

— > K p K p _ r+ i — 
K p /K p+1 ^ K. 







-Kp-r+l/ Kp 



0, 



0, 



-r+l/-Kp+l f -fVp-r+1 

we can get the following long exact sequence of cohomology groups 
(6.4) 

_ • • • A fff,(*Q A H* D (K p _ r+1 ) A HUK P -r+i/K p ) A • • ■ , 

^ Hh{K p /K p+1 ) A H° D (K p _ r+1 /K p+1 ) A HUK P -r+i/K p ) A •■• , 

where 5' and 5 are the connecting homomorphisms. 

Combining (13.31) and (|6.4[) , we have the following commutative diagram of long 
exact sequences 



.5) Htft-^Kp-r+t/K,) 



H p+q 



H™{K P /K P+1 ) 

5 



TTP+q+l 



(Kp+i) 



H p D +q (K p ^ r+1 /K p+1 ). 



Using the commutative diagram above and the fact that i* = i' : 

Br = j* (ker^ 1 : H p D +q (K p ) -> H P D + " (K p . r+1 )]) 
-r(ker[z'* :H P D + 



we have 



H p / q (K p ) 



= j*(im[£' : H^"-\K p _ r+1 /K p ) - ^ 



^ +9 (i^p-, + i)]) 

p+q 



H^"(K p )]) 



S im[S : H^-^Kp-r+r/Kp) -> H p D +q (K p / K p+1 ) 
When r = 2, from (|6.5p we have that 

5 = : H^-^K^/K,,) H p +«(K P /K p+1 ). 
From (|3.4p . it follows that J = c?i. By Proposition [3T4J 5 — d. Thus we have 
B p 2 ' q 



imp : HV+^iKp^/Kp) -> ff£ +9 (if p/ %, +1 )] 



im[d : n j,_1 (M) -> fF(M)]. 
The desired result follows. 



□ 



By Theorem 16. 1( we obtain the following corollary. 

Corollary 6.2. In Theorem 15.81 for d,2t+i\Xp\2t+s € I?2t+3 + ' 9 ~ *~ we have the 
indeterminacy of ci2i+3[£p] is a normal subgroup of H p+2t+3 (M) 

im[S : H p D +q (K p+1 /K p+2t+3 ) -» (ir p+2t+3 /ir p+2t+4 )] 
im[d : fiP+ 2t + 2 (M) -y ^+ 2t + 3 (Af)] 

where d is just the exterior differentiation and <5 is the connecting homomorphism of 
the long exact sequence induced by the short exact sequence of cochain complexes 







K p+ l/K p+2 t 



+4 



K p+ i/K p+2 t-\ 



0. 



Proof. In Theorem 16 . 1 1 r. p and q are replaced by 2t + 3,p + 2t + 3 and q — 2t 
then the desired result follows. 



2, 

□ 
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